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Abstract

Metzler’s model is an important contribution to our understand-
ing of the dynamics of business cycles. In this model, the production
of consumption goods depends on expected future sales. However,
Metzler assumes that producers are homogeneous and follow a sim-
ple expectation formation rule. Taking into account that in reality
producers might not only follow several expectation formation rules,
but might also even switch between them, we reformulate Metzler’s
original model. Endogenous business cycles may emerge within our
model, i.e. changes in production and inventory are (quasi-)periodic
for certain parameter combinations.
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1 Introduction

The goal of our paper is to show that the expectation formation of boundedly
rational heterogeneous firms may cause endogenous business cycle dynamics.
As a workhorse, we rely on Metzler’s (1941) inventory model in which pro-
ducers use a single behavioral expectation formation rule to predict future
sales of consumption goods. In case producers mispredict actual sales, their
inventories deviate from desired levels. Metzler’s contribution is to show
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that the inventory adjustments of firms may lead to dampened business cy-
cles (see Gandolfo (2005) for a comprehensive analysis of this model). Due
to its strength, Metzler’s inventory approach is quite popular and has been
extended in various directions; see, e.g. Eckalbar (1985), Franke and Lux
(1993), Matsumoto (1998) or Chiarella et al. (2005).

We believe that Metzler’s model may also be regarded as a very natural
environment to study the interplay between firms’ expectation formation be-
havior and the evolution of national income.! In reality, firms obviously have
to forecast their future sales in order to determine their production level.
Experimental evidence indicates that human agents are boundedly rational
and tend to rely on simple heuristics when predicting the future (see, e.g.
Simon (1955), Tversky and Kahneman (1974), Smith et al. (1988)). Within
our model, producers thus select between different types of predictors. To
make matters as simple as possible, they have the choice between an extrap-
olative and a regressive predictor to forecast future sales. Furthermore, we
assume that producers select between these rules with respect to market cir-
cumstances. For instance, if a boom or slump is relatively pronounced, more
and more agents may come to the conclusion that a reversion to equilibrium
output is overdue and may therefore switch to the regressive expectation for-
mation rule.

Using a mixture of analytical and numerical methods to analyze our non-
linear dynamical model, we are able to derive the following results.? Our
model has a unique fixed point that corresponds to the Keynesian multi-
plier solution. This fixed point may only lose its local asymptotic stability
via a (so-called supercritical) Neimark-Sacker bifurcation, after which (quasi-
)periodic motion sets in. The parameter space that ensures local asymptotic
stability of the fixed point negatively depends on the strength with which
firms extrapolate future sales. In contrast, the parameter of the regressive
predictor has a stabilizing impact on the amplitude of business cycles. Over-
all, we thus conclude that the expectation formation of boundedly rational
heterogeneous producers may in fact be an important source of endogenous
upswings and downturns in economic activity.

The paper is organized as follows. Our model is presented in section 2, fol-
lowed by a derivation of analytical results in section 3. Section 4 contains a
numerical illustration of how functions our model. The final section provides

LOur paper is related to Westerhoff (2006), Lines and Westerhoff (2006) and Lines
(2007) who introduce heterogeneous expectation formation into Samuelson’s (1939)
multiplier-accelerator model. Their approaches are able to produce complex business cycle
dynamics.

2For recent nonlinear goods market-based business cycle models see, e.g. Puu et al.
(2005) and Puu (2007).



some conclusions.

2 A reformulation of Metzler’s model

In Metzler’s business cycle model, national income is determined by the total
production of firms which, in turn, is equal to the sum of consumption goods
produced for sale U, the production of consumption goods for stock S and
the production of investment goods I. At any time ¢ national income Y can
therefore be written as

Y, =1+ 5, + U. (1)

To simplify matters, production of investment goods is assumed to be fixed,
ie.

I, =T. (2)

Producers need to adjust their inventory stock at every period. If @t denotes
the desired level of the inventory at time ¢ and ();_; denotes the realized in-
ventory at the close of the previous period, production for inventory purposes
is simply given by R

Sp=Qr — Qi1 (3)

The desired level of the inventory is considered to be positively related to
the expected sale of consumption goods, so that with a certain factor k£ > 0
we have

Qi = kU,. (4)

In turn, the realized inventory at time ¢ is determined by the desired level
of the inventory of the previous period adjusted by unexpected inventory
changes. Since unexpected inventory changes are simply the difference be-
tween realized and expected sales, we obtain

Qtfl = Q\tfl - (thl - Utfl)- (5)

Realized sales are equal to consumption C, which is proportional to the
national income Y. Let 0 < b < 1 be the marginal propensity to consume.
Then consumption at time ¢ is given as

C, = bY,. (6)

Production of consumption goods for sale depends on expected future sales.
Metzler (1941), for instance, does in fact assume that producers only apply
a single behavioral expectation formation rule. For instance, all producers
may form extrapolative expectations.



The goal of our paper is to broaden this view. In contrast to Metzler, we
assume that producers form heterogeneous expectations about future sales,
they can even change their mind and switch from one expectation rule to
another. To simplify matters, we only focus on two different expectation for-
mation rules, denoted by U and UF. Producers of group one are character-
ized by extrapolating the trend in consumption. If consumption C' in period
(t — 1) is above (below) the equilibrium level of consumption C, producers
in this group believe consumption will rise (fall). The following equation
describes this extrapolative expectation rule

UtE =Ci1 +c(Cioy — 6)7 (7)

where ¢ > 0 denotes the expected speed of deviation from equilibrium C.
Note that for ¢ = 0, (7) incorporates naive expectations.

In contrast, producers in the second group follow a regressive expectation
rule. They believe that consumption will always return to its equilibrium
value in the long run. Formally, the prediction rule of this group is given by

UtR - Ot—l + f(? - Ct—1)7 (8)

where 0 < f < 1 denotes the adjustment speed towards equilibrium. With
f = 1, adjustment is expected to take place instantly, while for f = 0
producers in this group form naive expectations.

The expected sales of consumption goods U; can now be expressed as a
weighted average of the expectations of these two groups:

U, = w,UF + (1 —w,)UE. (9)

The weight given to trend-extrapolating producers in a certain period t is

described as |

1+d(C - Cyq)?
The intuition of this switching mechanism is quiet clear: If consumption in
period t is close to equilibrium consumption, most producers will extrapolate
the trend in consumption. However, the further consumption drifts away
from equilibrium, the more producers are convinced that the current boom
or slump will end, and will subsequently switch to regressive expectations.?
The weighting function is therefore bell-shaped. Parameter d captures the
popularity of regressive expectations. The higher d is, the more agents rely

on regressive expectations (for a given distance between C' and C).
Combining (1) - (10) reveals that

Yy = h(Yi1, Yioo), (11)

(10)

Wy

30bviously, business cycles imply that booms and slumps will eventually burst.
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i.e. national income is determined by a second-order nonlinear difference
equation.?

3 Some analytical results

In order to calculate the fixed points of our model, we consider the following
simple transformation. Combining (1) - (5) leads to

Y, = U4+ kU — 1+ kU1 +Cyy + 1. (12)

From this equation it is easy to see that our model has only one fixed point
Y, which is given by
— 1 =
Y=—-I. 13
T3 (13)
Recall that (13) corresponds to the well-known Keynesian multiplier solution.
In the appendix we show that the necessary and sufficient conditions for local

asymptotic stability are

14+b0(3+2k+2c(1+k)) >0 (14)
1-b>0 (15)
1—b(1+c¢)(1+k)>0. (16)

Due to parameter restrictions, conditions (14) and (15) are always satisfied
so that only the last of the above three conditions may be violated.
Closer scrutiny of (16) reveals that the fixed point is locally asymptotically
stable if L bb
—b—bc

k< Wito) (17)
Figure 1 illustrates the relation between b and k for different values of ¢. The
fixed point is locally asymptotically stable for parameter combinations of b
and k below the graph, while the fixed point is unstable for combinations
above the graph. Note that the higher parameter c is, the easier one can
find realistic combinations for b and k& for which the fixed point is no longer
locally asymptotically stable. If ¢ is close to unity, for example, a relatively
small marginal propensity to consume amounting to b = 0.5 can even destroy
local asymptotic stability if k is very small and close to zero.

4We do not track the individual investment and inventory relations of firms. However,
in the appendix we demonstrate that from an aggregated point of view, relations (2) and
(3) still hold.



— Fig. 1 goes about here —

Also note that parameters d and f are irrelevant to the local asymptotic sta-
bility of the fixed point, i.e. stability is completely independent of both the
popularity of regressive expectations and the (estimated) adjustment speed
of the regressive expectation formation rule.

Finally, violation of (16) is a necessary condition for the emergence of a
Neimark-Sacker bifurcation (see, e.g. Medio and Lines (2001)). As sup-
ported by numerical evidence in the next section, the bifurcation is of the
supercritical type, i.e. if (16) is violated, the fixed point not only loses its
local asymptotic stability but also a stable invariant curve appears and pro-
duction becomes (quasi-)periodic.

4 Some numerical results

Let us first illustrate the dynamics our model may produce. Figure 2 shows
a simulation run for b = 0.75, ¢ =03, d=1, f = 0.1, k = 0.1 and I = 10.
With this parameter setting the equilibrium values of income and consump-
tion are Y = 40 and C' = 30.

— Fig. 2 goes about here —

Dynamics can now be explained as follows: in time period ¢ = 1 income Y
is above its equilibrium value. As long as this deviation from equilibrium
is small, the majority of producers do indeed believe that income and sales
will rise. This implies not only a relatively large weight of extrapolative ex-
pectations, but also induces the production of consumption goods for sale
to increase. Since the desired inventory level is proportional to expected
sales, producers also wish to maintain a higher inventory level. From now
on, dynamics become increasingly self-fulfilling. As producers extend the
production of consumption goods for sale and inventory purposes, income
Y will rise. An increase in income Y immediately leads to an increase in
consumption C' which, in turn, triggers producers’ expectations of a further
rise of income and sales.

That said, the more income exceeds its equilibrium value, the more produc-
ers become pessimistic. They make up their minds and start believing that
income and consumption will return to their equilibria. As more and more
producers now follow the regressive expectation rule, growth of expected sales
of consumption goods slows down. If (1—w) reaches a certain critical value of
about 0.2, expected sales themselves will decrease. Producers now wish to re-
alize a lower inventory level and start reducing the stock. They disinvest, and



income starts to fall. As the distance between C' and C decreases, however,
more and more producers will again hold extrapolative expectations about
future sales. However, due to the depletion of the inventory stock, income
and related consumption now have fallen below their equilibria. Most pro-
ducers will therefore extrapolate a negative trend in consumption and expect
consumption to decrease further. As a result, income and consumption will
fall increasingly below their equilibria until the recession becomes too large,
and most producers again expect consumption to return to its equilibrium.

The periodic motion continues, and business cycles with upswings and down-
turns are created endogenously within our model. Note that the production
of consumption goods U and inventory () generally pass identical cycles to
income and consumption, but that these movements are time-lagged.

The fixed point of our model may only lose its local asymptotic stability via a
Neimark-Sacker bifurcation. With our initial parameter setting given above,
the critical values for a Neimark-Sacker bifurcation to occur (when all other
parameters fixed) are given by

b* = 0.699, (18)
¢ =0.212, (19)
k* = 0.026, (20)

respectively.

Figure 3 displays the bifurcation diagrams of the corresponding parameters.
Bifurcation diagrams are a powerful tool to analyze the dynamics of nonlin-
ear systems. Each parameter is increased in 200 discrete steps, as indicated
on the axis, while all other parameters remain fixed. 100 observations are
plotted for each parameter value. A longer transient phase of about 1000
steps is omitted.

— Fig. 3 goes about here —

The results of this exercise are as follows: first, our analytical predictions
are accurately confirmed. A (supercritical) Neimark-Sacker bifurcation be-
comes clearly visible at the calculated values. Our results thereby suggest
that (quasi-)periodic behavior does not set in immediately or abruptly, but
that the path towards periodic and cyclical behavior is rather smooth. The
latter result eminently applies to parameter . Furthermore, the amplitude
of business cycles seems to increase with b, ¢ and k. This result especially
applies to parameter c. Trend-extrapolating producers may therefore be re-
garded as a source of instability.



As we have seen so far, stability of the fixed point is independent of pa-
rameters d and f. However, this does not mean that these parameters do
not influence dynamics at all. Figure 4 shows the corresponding bifurcation
diagrams for d and f. Each parameter is increased from zero to unity in 200
discrete steps.

— Fig. 4 goes about here —

The bifurcation diagrams do not only confirm that the stability of the fixed
point is independent of parameters d and f but also reveal that the amplitude
of the business cycle declines as the parameters increase. The more produc-
ers favor the regressive expectation formation rule and the higher producers
with such expectations estimate the adjustment speed towards equilibrium,
the lower the amplitude of the business cycle. It follows from this that pro-
ducers who follow the regressive expectation formation rule tend to stabilize
dynamics.

5 Conclusion

In this paper we reformulate Metzler’s well-known business cycle model by
allowing producers to select between different types of expectation forma-
tion rules. In reality, producers are not at all homogeneous and may hold
different expectations about future sales of consumption goods. With this
modification, we obtain the following results:

Our model has a unique fixed point. This fixed point may only lose its
local asymptotic stability via a (supercritical) Neimark-Sacker bifurcation,
after which (quasi-)periodic motion sets in. Business cycles are thereby en-
dogenously created within the model. No exogenous shocks are necessary to
explain the upswings and downturns of national income and related variables
such as production and inventory.

Moreover, our results suggest that extrapolating producers are a source of
instability, while producers with regressive expectations tend to stabilize dy-
namics. The higher extrapolating producers regard the speed of deviation
from equilibrium, the easier one can find realistic combinations of marginal
propensity to consume and the desired inventory level for which the fixed
point is no longer stable.



A Stability of the fixed point

By introducing the auxiliary variable Z; = Y; 4, (11) may be rewritten as a
first-order nonlinear difference equation system
}/t - h(}/t—la Zt—l)

21
Zy = Q(thl, thl) ( )

The Jacobian matrix J of the linearized difference equation system is deter-
mined by the derivatives of (21), i.e.

on oh
J:<a%15%;> (22)

Y1  0Zi—1

9 9
Note that 83,31 =1 and 8275971 =0.

Inserting the fixed point Y =Y, = Y,_; = 1l—b =7, =Z,, = Z into (22)
leads to

7 ( b2+c+k+ck) —b(1+c)(1+k) ) (23)

1 0

J denotes the Jacobian matrix calculated at the fixed point. The trace and
determinant of this matrix are simply

tr(J) =02+ c+ k +ck) (24)

det(J) = b(1 + ¢)(1 + k). (25)

According to Medio and Lines (2001), the necessary and sufficient conditions
guaranteeing that the fixed point of our second-order nonlinear difference
equation is locally asymptotically stable are

L+ tr(J) +det(J) >0 (26)
1—tr(J) + det(J) > 0 (27)
1— det(J) > 0. (28)

Finally, combining (24) - (28) leads to

14+b(3+2k+2c(1+k)) >0
1-b6>0
1—=b(14¢)(1+Ek)>0.



B Aggregated investment and inventory re-
lations

The aggregated production of investment goods at time ¢ may be written as
the following weighted average

I = w P + (1 —wy)IE, (29)

where IF and IF denote the production of investment goods for producers
who either follow the extrapolative or the regressive expectation formation
rule.
As the production of investment goods is considered fixed for all producers,
(29) simplifies to

I =wd + (1 —w)I =1,

i.e. aggregated production of investment goods is equal to (2).

Due to market circumstances, producers may change their mind and switch
from one expectation formation rule in period (¢ — 1) to another in period
t. Let us suppose that more producers switch from the regressive to the
extrapolative expectation formation rule. The aggregated production S of
inventory goods in period ¢t may then be expressed as

Sy =wiy (KUF — (k= 1)UL, + Cit) + (L —wy) (RUF — (k= 1) UF, + Cy)
+ (wy —we) (RUF — (k=1 UL, + Ciq) .

Straightforward calculations now reveal that

St =k (’LUtUtE + (1 — ’LUt) UtR> — (k‘ — 1) (wt,1U£1 + (1 - wt,l) Utlil) + Ct,1
= kU, — (k= 1) Up_y + C,

- @t - Qtfb

i.e. producers who switch from one expectation formation rule to another do
not change inventory production from an aggregated point of view.

10



References

Chiarella, C., Flaschel, P., Lux, R., 2005. Foundations for a Disequilibrium
Theory of Business Cycles. Cambridge University Press, Cambridge.

Eckalbar, J. C.; 1985. Inventory Fluctuations in a Disequilibrium Macro
Model. The Economic Journal 95, 976-991.

Franke, R., Lux, T., 1993. Adaptive Expectations and Perfect Foresight in a
Nonlinear Metzlerian Model of the Inventory Cycle. Scandinavian Journal
of Economics 95 (3), 355-63.

Gandolfo, G., 2005. Economic Dynamics. Study Edition. Springer-Verlag,
Berlin.

Hicks, J. R., 1950. A Contribution to the Theory of the Trade Cycle. Claren-
don Press, Oxford.

Lines, M., 2007. Bifurcation scenarios in a heterogeneous agent, Multiplier-
Accelerator model. Pure Mathematics and Applications 16 (4), 429-442.

Lines, M., Westerhoff, F., 2006. Expectations and the multiplier-accelerator
model. In: Puu, T., Sushko, I. (Eds.), Business Cycle Dynamics: Models
and Tools. Springer-Verlag, Berlin, Ch. 9, pp. 255-276.

Matsumoto, A., 1998. Non-linear structure of a metzlerian inventory cycle
model. Journal of Economic Behavior & Organization 33, 481-492.

Medio, A., Lines, M., 2001. Nonlinear dynamics: A primer. Cambridge Uni-
versity Press, Cambridge.

Metzler, L. A., 1941. The Nature and Stability of Inventory Cycles. Review
of Economics and Statistics 23 (3), 113-129.

Puu, T., 2007. The Hicksian trade cycle with floor and ceiling dependent on
capital stock. Journal of Economic Dynamics and Control 31 (2), 575-592.

Puu, T., Gardini, L., Sushko, I., 2005. A Hicksian multiplier-accelerator
model with floor determined by capital stock. Journal of Economic Be-
havior & Organization 56 (3), 331-348.

Samuelson, P. A., 1939. Interactions between the Multiplier Analysis and the
Principle of Acceleration. The Review of Economics and Statistics 21 (2),
75-T8.

11



Simon, H. A.; 1955. A Behavioral Model of Rational Choice. The Quarterly
Journal of Economics 69 (1), 99-118.

Smith, V. L., Suchanek, G. L., Williams, A. W., 1988. Bubbles, Crashes, and
Endogenous Expectations in Experimental Spot Asset Markets. Economet-
rica 56 (5), 1119-1151.

Tversky, A., Kahnemann, D.; 1974. Judgment under Uncertainty: Heuristics
and Biases. Science 185 (4157), 1124-1131.

Westerhoff, F., 2006. Samuelson’s multiplier-accelerator model revisited. Ap-
plied Economic Letters 13, 89-92.

12



20—

Figure 1: Local asymptotic stability areas in (k, b) parameter space for dif-
ferent values of ¢. Combinations below (above) the graphs imply a locally
asymptotically stable (unstable) fixed point.
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Figure 2: Evolution of national income Y, expected sales U, inventory @)
and weight w of extrapolative expectations in a simulation run for b = 0.75,
c=03,d=1, f=0.1,%k=0.1and I = 10. Equilibrium values of income
and consumption are Y = 40 and C' = 30.
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Figure 3: Bifurcation diagrams for parameters ¢, k and b. Each parameter
is increased in 200 discrete steps. Dynamics are plotted after a transient of
1000 observations. The other parameters are identical to those in figure 2.
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Figure 4: Bifurcation diagrams for parameters d and f. Each parameter is
increased from zero to unity in 200 discrete steps. Dynamics are plotted after

a transient of 1000 observations. The other parameters are identical to those
in figure 2.
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